TOPIC: TAYLOR SERIES & TAYLOR POLYNOMIALS
Taylor Series

¢ Recall: A power series is a polynomial w/ infinite terms represented by z cp(x —a)®
n=0

» A Taylor Series is a type of power series where c,, is determined using the of a function.

EXAMPLE Find the Taylor series of f(x) = Inx centered at a = 1.
New Taylor Series

z x—a)"=f(@)+f(A)(x—a)+ e (x—a)* + w(x —a)’ ..

2! 3!

n=0

(Taylor Series centered at x = a)

Derivatives of f

Derivatives of f at = (n)( )
x=1 4 Z ! — (X — "
n=0 )

n
f=Inx f)=In =
f' = Q) =
fr = (@) =
= (1) =

© f(n) (0)

xn
n!

® Maclaurin series is a special case of Taylor series that is centered at :

n=0
(Maclaurin Series)
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PRACTICE Find the Taylor Series of f(x) = cos x centered at x = . Then, write the power series using
summation notation.

Derivatives of f Derivagv:s;f /at v/ (n;(! )(x - )"
f= f@m) =

i = f'(m) =

f"= fr'(m =

"= () =

f® = f@(m) =
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EXAMPLE Answer the following questions.

(A) Find the Maclaurin Series of f(x) = e*. Then, write the power series using summation notation.

Derivatives of f Derivaivis (())f f at i fm;(! )(x —
F = f(0) =

f'= f(0) =

= f7(0) =

s f(0) =

f® = f®(0) =

(B) Use the Maclaurin series for f(x) = e* to find the Maclaurin series for f(x) = e?~.
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Convergence of Taylor and Maclaurin Series

# Taylor & Maclaurin series have intervals of convergence which are found in the same way as power series.

EXAMPLE Determine the convergence of the Taylor series for f(x) = In x centered at x = 1.

[ee]

el
Write the general term: Z ! n'( ) (x—1D" =

n=0

N2 133
=0+1(x-1) - X XED

=(x—1)—%(x—1)2+%(x—1)3—---

n+1
n=0
Use convergence test:
Ratio: lim |crt2@=0™ g
"now |l cpx—a)?

Root: lim /|c,(x —a)*| < 1
n—oo

Geometric: Y. ar™; |r| < 1

Determine endpoint convergence:

n( _1)n+1
= — nzzo(_l) n+1
Y

n=0

Write interval of convergence:
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PRACTICE Find the interval of convergence for the Taylor series for f(x) = sinx centered at x = %
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PRACTICE Find the interval of convergence for the Maclaurin series for f(x) = tan™! x.
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Taylor Polynomials
Sp=a; +ta;t+taz+-+a,

# A Taylor polynomial p,, (x) of degree nis a of a Taylor series & is used for approximating functions.

» Taylor polynomials centered at x = 0 are also called Maclaurin polynomials.

EXAMPLE Find the Maclaurin polynomials py, p1, p, and p; for f(x) = e”*.

New n'" Taylor Polynomial
” n)
paC0 = F@ + F @G- )+ e ot LD gy
(Taylor polynomial centered at x = a)
po(x) =
p1(x) =
p2(x) =
p3(x) =

EXAMPLE Approximate e°2 to four decimal places using the third-degree Maclaurin polynomial for f(x) = e*.

p3(x) =

¢ Using higher- Taylor polynomials gives more accurate approximations.
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PaC) = @+ F @G~ ) + 2 =t ot D gy

(Taylor polynomial centered at x = a)
PRACTICE Answer the following questions.

(A) Find the Taylor polynomials of order 0, 1, 2, and 3 for f(x) = In(x) centered at x = 1.

(B) Approximate In 1.5 to four decimal places using the third-degree Taylor polynomial for f(x) = In x.
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PaC) = @+ F @G~ ) + 2 =t ot D gy

(Taylor polynomial centered at x = a)
PRACTICE Answer the following questions.

(A) Find the Maclaurin polynomials of order 0, 1, 2, and 3 for f(x) = sinx.

(B) Approximate sin 0.3 to four decimal places using the third-degree Maclaurin polynomial for f(x) = sinx.



TOPIC: TAYLOR SERIES & TAYLOR POLYNOMIALS
Topic Resource: Taylor Series of Common Functions

Taylor Series (centered atx = 0) Interval of Convergence
1 [ee]
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